Recommender systems are widely used to recommend the most appealing items to users. These recommendations can be generated by applying collaborative filtering methods. The low-rank matrix completion method is the state-of-the-art collaborative filtering method. In this work, we show that the skewed distribution of ratings in the user-item rating matrix of real-world datasets affects the accuracy of matrix-completion-based approaches. Also, we show that the number of ratings that an item or a user has positively correlates with the ability of low-rank matrix-completion-based approaches to predict the ratings for the item or the user accurately. Furthermore, we use these insights to develop four matrix completion-based approaches, i.e., Frequency Adaptive Rating Prediction (FARP), Truncated Matrix Factorization (TMF), Truncated Matrix Factorization with Dropout (TMF + Dropout) and Inverse Frequency Weighted Matrix Factorization (IFWMF), that outperforms traditional matrix-completion-based approaches for the users and the items with few ratings in the user-item rating matrix.
predict the ratings for the items not rated by the user and then select the unrated items with the highest predicted ratings as recommendations to the user.
In practice, a user may not rate all the available items, and hence we observe only a subset of the user-item rating matrix. For the task of recommendations, we need to complete the matrix by predicting the missing ratings and select the unrated items with high predicted ratings as recommendations for a user. The matrix completion approach [3] assumes that the user-item rating matrix is low rank and estimates the missing ratings based on the observed ratings in the matrix. The state-of-the-art collaborative filtering methods, e.g., Matrix Factorization (MF) [10] are based on the matrix completion approach.
Assuming that the user-item rating matrix is low-rank, it was shown that in order to accurately recover the underlying low-rank model of a n ×n matrix of rank r , at least O (nr log(n)) entries in the matrix should be sampled uniformly at random [4] . However, most real-world rating matrices exhibit a skewed distribution of ratings as some users have provided ratings to few items and certain items have received few ratings from the users. This skewed distribution may result in insufficient ratings for certain users and items, and can negatively affect the accuracy of the matrix completion-based methods.
This paper investigates how the skewed distribution of ratings in the user-item rating matrix affects the accuracy of the matrix completion-based methods and shows by extensive experiments on different low-rank synthetic datasets and as well as on real datasets that the matrix completion-based methods tend to have poor accuracy for the items and the users with few ratings. Moreover, this work illustrates that as we increase the number of latent dimensions, the prediction performance for the items and the users with sufficiently many ratings continues to improve, whereas the accuracy of the items and the users with few ratings degrades. This suggests that because of over-fitting, the matrix completion-based methods for large number of latent dimensions do not generalize well for the items and the users with few ratings.
Building on this finding, we develop four matrix completionbased approaches that explicitly consider the number of ratings received by an item or provided by a user to estimate the rating of the user on the item. Specifically, we introduce (i) Frequency Adaptive Rating Prediction (FARP) method, which uses multiple low-rank models for different frequency of the users and the items; (ii) Truncated Matrix Factorization (TMF) method, which estimates a single low-rank model that adapts with the number of ratings a user and an item has; (iii) Truncated Matrix Factorization with Dropout (TMF + Dropout) method, which is similar to TMF but probabilistically select the ranks for the users and the items; and (iv) Inverse Frequency Weighted Matrix Factorization (IFWMF) method, which weighs the infrequent users and items higher during lowrank model estimation. Extensive experiments on various datasets demonstrate the effectiveness of the proposed approaches over traditional MF-based methods by improving the accuracy for the items (up to 53% improvement in RMSE) and the users (up to 8% improvement in RMSE) with few ratings.
RELATED WORK
The current state-of-the-art methods for rating prediction are based on matrix completion, and most of them involve factorizing the user-item rating matrix [7, 9, 10] . In this work, our focus is on analyzing the performance of the matrix completion-based MF approach and use the derived insights to develop an approach that performs better for the users and the items with few ratings in the user-item rating matrix. These approaches estimate user-item rating matrix as a product of two low-rank matrices known as the user and the item latent factors. If for a user u, the vector p u ∈ R r denotes the r dimensional user's latent factor and similarly for the item i, the vector q i ∈ R r represents the r dimensional item's latent factor, then the predicted rating (r u,i ) for user u on item i is given byr
The user and the item latent factors are estimated by minimizing a regularized square loss between the actual and predicted ratings minimize
where R is the user-item rating matrix, r ui is the observed rating of user u on item i, and parameter β controls the Frobenius norm regularization of the latent factors to prevent overfitting.
In another related work [21] , it was shown that the lack of uniform distribution of ratings in the observed data could lead to folding, i.e., the unintentional affinity of dissimilar users and items in the low-rank space estimated by matrix completion-based methods. For example, the absence of an explicit rating between a child viewer and a horror movie could lead to an estimation of the corresponding latent factors such that both the child viewer and the horror movie are close in the low-rank space leading to the erratic recommendation of horror movies to the child viewer. We believe that the non-uniform distribution of the ratings is the reason behind this phenomenon.
The non-uniform distribution of ratings can also be viewed as an instance of rating data missing not at random (MNAR) [12] . The proposed solutions to MNAR model the missing data to improve the generated recommendations [13, 17, 19, 20] . However, in our work, we focus on the skewed distribution of ratings which often comes as a result of either new items or new users that are added to the system, or the items that are not popular to get many ratings. We use our analysis to develop a matrix completion-based approach to improve rating prediction for the users who have provided few ratings on items or for the items that have received few ratings from the users. 
IMPACT OF SKEWED DISTRIBUTION
As described in Section 1, the matrix completion-based methods can accurately recover the underlying low-rank model of a given low-rank matrix provided entries are observed uniformly at random from the matrix. However, the ratings in the user-item rating matrix in real-world datasets represent a skewed distribution of entries because some users have provided ratings to few items and certain items have received few ratings from the users.
In order to study how the skewed distribution of ratings in real datasets affects the ability of matrix completion to accurately complete the matrix (i.e., predict the missing entries) we performed a series of experiments using synthetically generated low-rank rating matrices. In order to generate a rating matrix R ∈ R n×m of rank r we followed the following protocol. We started by generating two matrices A ∈ R n×r and B ∈ R m×r whose values are uniformly distributed at random in [0, 1]. We then computed the singular value decomposition of these matrices to obtain
We then let P = αU A and Q = αU B and R = PQ T . Thus, the final matrix R of rank r is obtained as the product of two randomly generated rank r matrices whose columns are orthogonal. The parameter α was determined empirically in order to produce ratings in the range of [−10, 10].
We used the above approach to generate full rating matrices whose dimensions are those of the two real-world datasets, i.e., Flixster (FX) and Movielens (ML), shown in Table 1 . For each of these matrices we select the entries that correspond to the actual user-item pairs that are present in the corresponding dataset and give it as input to the matrix completion algorithm. For each dataset we generated five different sets of matrices using different random seeds and we performed a series of experiments using synthetically generated low-rank matrices of rank 5 and 20. For each rank, we report the average of performance metrics in each set from the estimated low-rank models over all the synthetic matrices.
Results

Effect of item frequency in synthetic datasets.
In order to investigate if the number of ratings an item has, i.e., item frequency, has any influence on the accuracy of the matrix completion-based methods for the item, we ordered all the items in decreasing order by their frequency in the rating matrix. Furthermore, we divided these ordered items into ten buckets and for a user computed the RMSE for items in each bucket based on the error between the predicted rating by the estimated low-rank model and the groundtruth rating. We repeated this for all the users and computed the average of the RMSE of the items in each bucket over all the users. Figure 1 shows the RMSEs across the buckets along with the average frequency of the items in the buckets. As can be seen in the figure, the predicted ratings for the frequent items tend to have lower RMSE in contrast to infrequent items for all the datasets. 
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Movielens Figure 3 : Variation in Test RMSE with increase in rank for the items and the users with different frequency. Figure 2 shows the scatter map of items in FX having different frequency against the number of instances where the absolute difference between the original and the predicted rating, i.e., Mean Absolute Error (MAE), is ≤ 0.5. As can be seen in the figure, the number of accurate predictions is significantly lower for items having fewer ratings (≤ 20) compared to that of the items having a large number of ratings (≥ 30). The lower error of the frequent items is because they have sufficient ratings to estimate their latent factors accurately. Hence for the real datasets, items appearing at the top in ordering by frequency and having high predicted scores will form a reliable set of recommendations to a user.
Effect of frequency on accuracy in real datasets.
In order to assess the finding that the infrequent items are not estimated accurately by the matrix completion method, we evaluated matrix completion on a random held-out subset of the real datasets. We followed the standard procedure of cross-validation and exhaustive grid search for hyperparameters for model selection. We computed RMSE over the infrequent items in the test split, i.e., the items that have few ratings in the training split. For the analysis, we ordered the items in increasing order by the number of ratings in training splits. Next, we divided these ordered items into quartiles and identified the items in the first and the last quartile as the infrequent and the frequent items, respectively. Figures 3 show the RMSE for the items and the users in the test for the Movielens (ML) dataset. We can see that the RMSE of the frequent items (or users) is lower than that of the infrequent items (or users). Furthermore, we observed similar trends in the remaining datasets (results not shown here due to space constraints). These results suggest that the matrix completion method fails to estimate the preferences for the infrequent items (or users) accurately in the real datasets. Also, the RMSE of the infrequent items increases with the increase in the rank while that of frequent items decreases with the increase in the rank. Similarly, the RMSE of the infrequent users increases with the increase in the rank. The increase in RMSE with the increase in ranks suggests that infrequent items or infrequent users may not have sufficient ratings to estimate all the ranks accurately thereby leading to the error in predictions for such users or items. The finding that infrequent items or infrequent users have better accuracy for fewer ranks follows from the result that O (nr log(n)) entries are required to recover the underlying lowrank model of a n × n matrix of rank r [4] , and therefore for fewer entries (e.g., infrequent users or infrequent items) we may recover only fewer ranks of the underlying low-rank model accurately.
METHODS
The analysis presented in the previous section showed that as the underlying rank of the low-rank model that describes the data increases, the error associated with estimating such a low-rank model from the skewed data increases for the infrequent users and the infrequent items. We use these observations to devise multiple approaches to improve the accuracy of the low-rank models for such users and items.
Frequency Adaptive Rating Prediction (FARP)
Since the error of the predictions from the estimated low-rank models increases for the infrequent users or items in skewed data, we propose to estimate lower dimensional latent factors for the infrequent users or items, and estimate higher dimensional latent factors for the frequent users or items. In this approach, we propose to learn multiple low-rank models with different ranks from all the available data and while predicting the rating of a user on an item we select the model that performed the best for the infrequent user or the item associated with the rating. Hence, the predicted rating of user u on item i is given bŷ
where p uk and q ik are the user and the item latent factors from the kth low-rank model. For example, if f u < f i then we select the kth low-rank model for prediction such that it has the best performance for users having frequency f u , and similarly if f i < f u then we select the model with the best performance for items with frequency f i . The user and items can be assigned to different low rank models based on the number of ratings that exists for them in the dataset. One approach that we investigated is to order the users and the items by the number of ratings and divide them into equal quartiles and save the best performing model for each quartile.
Truncated Matrix Factorization (TMF)
An alternate approach we develop is to estimate only a subset of the ranks for these users or items. In this approach, the estimated rating for user u on item i is given bŷ
where p u denotes the latent factor of user u, q i represents the latent factor of item i, h u,i is a vector containing 1s in the beginning followed by 0s, and ⊙ represents the elementwise Hadamard product between the vectors. The vector h u,i is used to select the ranks that are active for the (u, i) tuple. The 1s in h u,i denote the active ranks for the (u, i) tuple.
Frequency adaptive truncation.
One approach that we investigated for selecting the active ranks, i.e., h u,i , for a user-item rating is based on the frequency of the user and the item in the rating matrix. In this approach, for a given rating by a user on an item, first, we determine the number of ranks to be updated based on either the user or the item depending on the one having a lower number of ratings. In order to select the ranks, we normalize the frequency of the user and the item, and use a non-linear activation function, e.g., sigmoid function, to map this frequency of the user or the item in [0, 1]. Finally, we used this mapped value as the number of active ranks selected for the update of the user and the item latent factors. The number of active ranks to be selected is given by
where r is the dimension of the user and the item latent factors, f min = min( f u , f i ), f u is the frequency of user u, f i is the frequency of item i, k controls the steepness of the sigmoid function and z is the value of the sigmoid's midpoint. The use of such a function assists in identifying the users or the items that can not be estimated accurately using all the ranks and we can only estimate few ranks more accurately for such users or items. The active ranks for a user or an item can be chosen either from the beginning of all ranks or end of all ranks or can be chosen arbitrarily among all ranks until the same active ranks are used consistently for the user and the item. For ease of discussion and simplicity, we will assume that active ranks are chosen from the beginning of all ranks. Hence, the active ranks to be selected are given by
We will refer to this method as Truncated Matrix Factorization (TMF).
4.2.2
Frequency adaptive probabilistic truncation. An alternative way to select the active ranks is to assume that the number of active ranks follows a Poisson distribution with parameter k u,i . This method is similar to Dropout [18] technique in neural networks, where parameters are selected probabilistically for updates during learning of the model. Similar to regularization it provides a way of preventing overfitting in learning of the model. The active ranks to be selected are given by
where θ u,i ∼ Poisson(k u,i ). We will call this method as Truncated Matrix Factorization with Dropout (TMF + Dropout). Similar to Equation 2, the parameters of the model, i.e., the user and the item latent factors can be estimated by minimizing a regularized square loss between the actual and the predicted ratings.
Rating prediction.
After learning the model the predicted rating for user u on item i for TMF model is given bŷ
where the active ranks, i.e., h u,i , is given by Equation 6 . The predicted rating for the user and the item under TMF + Dropout model is given by the least number of ranks for whom the cumulative distribution function (CDF) for Poisson distribution with parameter k ui obtains approximately the value of 1. The active ranks, i.e., h u,i , for prediction under TMF + Dropout are given by
where s is the least number of ranks for whom the CDF, i.e, P (x <= s) ≈ 1 and x ∼ Poisson(k u,i ). Unlike FARP, which requires us to estimate multiple models, TMF estimates a single model however it involves tuning of more hyperparameters in comparison to FARP.
Inverse Frequency Weighted Matrix Factorization (IFWMF)
In addition to the above approaches, we explored a weighted matrix factorization-based approach where we weigh the reconstruction error higher for the infrequent users and items. We propose to estimate the user and the item latent factors by minimizing a regularized weighted square error loss between the actual and the predicted ratings
where the the weight w ui is given by
where ρ is a constant, f min = min( f u , f i ), f u and f i are the normalized frequency of user u and item i, respectively. Essentially, we weigh the error in predictions more for the infrequent users and the infrequent items. This resembles the weighted matrix factorization [7, 8] where the weight of the reconstruction error is proportional to the confidence on the observed rating of user u on item i however in our method we weigh the error inversely proportional to the frequency of ratings observed for user u or item i. This is similar to the inverse propensity model-based approach [17] , where the propensity is proportional to the frequency of the user or the item. The up-weighting of the reconstruction error associated with the infrequent users or the infrequent items may lead to over-fitting as we only have few ratings for these users and items.
EXPERIMENTAL EVALUATION 5.1 Comparison algorithms
We compared our proposed approaches against the the state-of-theart Matrix Factorization [9] and LLORMA [11] method. LLORMA assumes that the different parts of the user-item rating matrix can be approximated by different low-rank models and the complete user-item rating matrix is approximated as a weighted sum of these individual low-rank models. We have used the LibRec [5] software package to compare the proposed methods against the LLORMA approach.
Model selection
We For LLORMA, we varied the number of local models (l m ) in the range [1, 5, 8, 15, 25, 50] . For FARP, we ordered the users in ascending order by frequency and divided them into equal quartiles. For each quartile, we saved the best performing model, i.e., the model having the lowest RMSE for all the users in that quartile in the validation split. Similarly, we ordered the items in ascending order by frequency and divided them into equal quartiles. Similar to users, we saved the best performing model for each quartile of items. At the time of prediction of rating for a user on an item, we choose the the model associated with the quartile of the user if the user is having lower number of ratings than the item, and if the item is having lower number of ratings than the user than we choose the model associated with the quartile of the item .
Datasets
In addition to Flixster (FX) [22] and Movielens 20M (ML) [6] datasets, we evaluated our proposed methods on subsets of the Yahoo Music (YM) [1, 16] and Netflix (NF) [2] datasets that we created in order to have a skewed distribution. These datasets were generated as follow. First, for each user we randomly selected the number of ratings that we want to sample from the user's ratings and randomly sampled these ratings for all users. Next, from the sampled ratings in previous step, for each item we randomly selected the number of ratings that an item has received from users in sampled ratings and randomly sampled these ratings for all the items. After following the above two steps, the sampled ratings from these datasets follows a skewed distribution and characteristics of all the datasets used in experiments are presented in Table 1 .
Evaluation methodology
To evaluate the performance of the proposed methods we divided the available ratings in different datasets into training, validation and test splits by randomly selecting 20% of the ratings for each of the validation and the test splits. The validation split was used for model selection, and the model that was selected was used to predict ratings on the test split. We repeated this process three times and report the average RMSE across the runs.
In addition to computing RMSE obtained by different methods for the ratings in the test split, we also investigated the performance of the proposed approaches for the items and the users with a different number of ratings in the training split. To this end, we ordered the items and the users in increasing order by their number of ratings in training split and divided them equally into quartiles. We will report the RMSE achieved by different methods for ratings in the test split for the users and the items in these quartiles.
6 RESULTS AND DISCUSSION 6.1 Performance for rating prediction on entire dataset Table 2 shows the results achieved by the proposed methods on the various datasets. As can be seen in the table for the task of rating predictions for all the ratings in the test splits the proposed approaches perform better than the MF method for FX, ML, YM and NF datasets. Interestingly, the proposed approaches have performed even better than the state-of-the-art LLORMA method and this suggests that LLORMA can be further improved by estimating local low-rank models that considers the skewed distribution of ratings in datasets. We found the difference between the predictions of different methods to be statistically significant (p-value ≤ 0.01 using two sample t-test). The performance is significantly better for FX in comparison to that of other datasets. Additionally, on FX dataset, the MF method outperforms the LLORMA method and a possible reason for this is that because of the skewed distribution LLORMA is not able to estimate a model that is as accurate as a global MF model. Moreover, LLORMA needs a significantly large number of local low-rank models in comparison to the proposed approaches. Also, by comparing the number of latent dimensions used by the models shown in Table 2 we can see that, for ML, TMF + Dropout and LLORMA needs significantly fewer ranks, i.e., 25, in comparison to that of MF, i.e., 100, to achieve the same performance and we believe that this could be because of MF overfitting the ML dataset for higher dimension of latent factors. Table 2 : Test RMSE of the proposed approaches for different datasets. The RMSE for the users and the items in different quartiles order by their frequency. Q1 refers to the quartile containing the least frequent users or items followed by remaining in Q2, Q3, and Q4. Table 4 shows the average number of test ratings in different quartiles for different datasets. Table 3 . * Due to sampling, the test splits are not having any ratings for users in Q1 for these datasets. increasing order by their number of ratings in training split and divided them equally into quartiles. We will report the RMSE achieved by different methods for ratings in the test split for the users and the items in these quartiles.
6 RESULTS AND DISCUSSION 6.1 Performance for rating prediction on entire dataset Table 2 shows the results achieved by the proposed methods on the various datasets. As can be seen in the table for the task of rating predictions for all the ratings in the test splits the proposed approaches perform better than the MF method for FX, ML, YM and NF datasets. Interestingly, the proposed approaches have performed even better than the state-of-theart LLORMA method and this suggests that LLORMA can be further improved by estimating local low-rank models that considers the skewed distribution of ratings in datasets. We found the difference between the predictions of different methods to be statistically significant ( -value ≤ 0.01 using two sample -test). The performance is significantly better for FX in comparison to that of other datasets. Additionally, on FX dataset, the MF method outperforms the LLORMA method and a possible reason for this is that because of the skewed distribution LLORMA is not able to estimate a model that is as accurate as a global MF model. Moreover, LLORMA needs a significantly large number of local lowrank models in comparison to the proposed approaches. Also, by comparing the number of latent dimensions used by the models shown in Table 2 we can see that, for ML, TMF + Dropout and LLORMA needs significantly fewer ranks, i.e., 25, in comparison to that of MF, i.e., 100, to achieve the same performance and we believe that this could be because of MF overfitting the ML dataset for higher dimension of latent factors.
6.2 Performance for the users and the items with different number of ratings Table 2 also shows the performance achieved by the different methods across the different quartiles of users and items. † The ranks used for FARP are in Table 3 . * Due to sampling, the test splits are not having any ratings for users in Q1 for these datasets. 6.2 Performance for the users and the items with different number of ratings Table 2 also shows the performance achieved by the different methods across the different quartiles of users and items. By comparing the performance of the different schemes we can see that the proposed methods significantly outperform the MF method and state-of-the-art LLORMA method for lower quartiles for majority of the datasets. This illustrates the effectiveness of the developed methods for the users and the items with few ratings. The better performance of the proposed methods for the users and the items with few ratings is because we can estimate accurately only a few ranks for them, and unlike MF and LLORMA the proposed approaches are effective in model estimation or predicting the ratings for these users and items. Among the proposed approaches, the TMF-based approaches (TMF and TMF + Dropout), perform better in most of the quartiles in FX dataset. Surprisingly, FARP consistently performs better than the MF and LLORMA across most of the datasets, and this is promising as compared to TMF-based approaches FARP has fewer hyperparameters to tune. Specifically, in TMF-based approaches we have to tune regularization weights (λ), dimension of latent factors (r ), steepness constant (k) and mid-point (z), while in FARP we have to tune only three parameters, i.e., number of low-rank models, regularization weights (λ) and dimension of latent factors (r ). This might be of interest to practitioners because multiple lowrank models under FARP can be estimated in parallel using vanilla MF widely available in off-the-shelf packages, e.g., SPARK [23] and scikit-learn [14] .
While the IFWMF method performs better than MF in lower quartiles, the other proposed approaches, i.e., FARP and TMF-based methods, outperform IFWMF for most of the quartiles in all the dataset thereby illustrating the effectiveness of FARP and TMFbased methods in preventing over-fitting and generating better predictions.
CONCLUSION
In this work, we have investigated the performance of the matrix completion-based low-rank models for estimating the missing ratings in real datasets and its impact on the item recommendations. We showed in Section 3 that the matrix completion-based methods because of skewed distribution of ratings fail to predict the missing entries accurately in the matrices thereby leading to an error in predictions and thus affecting item recommendations. Based on these insights we presented different methods in Section 4, which considers the frequency of both the user and the item to estimate the low-rank model or for predicting the ratings. The experiments on real datasets show that the proposed approaches significantly outperforms the state-of-the-art Matrix Factorization method for rating predictions for the users and the items having few ratings in the user-item rating matrix.
